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The theory and operation of various devices and systems, such as wireless power transfer via
magnetic resonant coupling, magneto-inductive wave devices, magnetic resonance spectroscopy
probes, and metamaterials can rely on coupled tuned resonators. The coupling strength is usually
expressed in terms of the coupling coefficient k, which can have electrical kz and/or magnetic i,
components. In the current article, general expressions of x are derived. The relation between the
complex Poynting equation in its microscopic form and x is made and discussed in detail. It is
shown that k can be expressed in terms of the interaction energy between the resonators’ modes. It
thus provides a general form that combines the magnetic and electric components of k. The expres-
sions make it possible to estimate the frequencies and fields of the coupled modes for arbitrarily
oriented and spaced resonators. Thus, enabling the calculation of system specific parameters such
as the transfer efficiency of wireless power transfer systems, resonator efficiency for electron
spin resonance probes, and dispersion relations of magneto-inductive and stereo-metamaterials

structures. © 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4935634]

I. INTRODUCTION

To design efficient electron paramagnetic resonance
(EPR) probes,l_4 magneto-inductive devices,™®  wireless
power transfer via inductively coupled resonators,” ' stereo-
mf:tamaterials,12 and microwave ﬁlters,13 it is essential to cal-
culate and fully understand the coupling between its resonant
components such as cavities, dielectric resonators, split-rings,
micro-strips, and loop-gap resonators. The coupling coeffi-
cient x is the main parameter that quantifies the coupling
strength. There are various definitions of x but they all revolve
around the concept of energy exchange between resona-
tors."*!> i has the effect of removing the degeneracy by split-
ting the frequencies of the coupled modes. It also appears as
off-diagonal or non-secular terms in eigenvalue problems.

For lumped circuit models, the coupling mechanism is
modelled by introducing a mutual capacitance (C,,) and/or
inductance (L,,). Depending on the relative polarity of the
mutual elements, the coupled frequency can be quantified by
calculating x'®'7

Ly,

Cn
*—. 1
L C M

K=Ky*tKg =
Here L and C are the inductance and the capacitance of the
uncoupled resonators, respectively. The sign between the
two terms is determined by the relative orientation and struc-
ture of the resonators.
Expressing (1) in terms of the electromagnetic fields E
and H is problematic. For example, Hong extended (1) by
noticing that the mutual terms can be expressed by the
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overlap of the two corresponding fields. Thus, C,, was
replaced by [,€E} - E;dv and L,, by [, uH; - H, dv. The sign
between the two terms was chosen to be positive,lg’19 ie.,

K =Ky + kg ()

or

. JyuH; - Hydv + [ €E} - E> dv

(3
\/J‘e|E1|2dv X [ e|Es|* dv

On the contrary, based on a coupled mode formalism, Awai

and Zhang derived expressions for x which is in favor of

. o wio 1520
using the negative sign,"”*" i.e.,

K =Ky — KE (€]

or

o — fV,uH‘f 'Hgdl)— fVGET 'Egdl).

(5)
VI B P dv x [elEaf do

Using Lagrange’s equation of motion, it was demon-
strated that the interaction between two split-ring resonators,
which form a meta-dimer, depends on the difference between
the two terms. In this case, the coupled energy was expressed
in terms of the surface charge and current densities.?' >
Equations (2) and (4) cannot be assimilated together by
merely changing the phase of the resonant modes.

As pointed out, (4) and (5) are valid for conducting reso-
nators only. However, for dielectric resonators, k takes the
form"

© 2015 AIP Publishing LLC
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o [eoler — 1)E} - Ey dv
VI dE P dv x [elEaf do

(6)

The physical origin and general expressions for r, which
are valid for both conducting and dielectric resonators, have
practical applications for scientists and engineers. For exam-
ple, the ever increasing performance in the computational
domain in terms of processing speed and storage makes it
possible to numerically calculate the fields and frequencies
of the modes of uncoupled resonators. The field values can
be used to determine the coupling coefficients where the rel-
ative orientations of the resonators can be arbitrary and thus
enables the study and design of complex systems. This is to
be compared with lumped circuit models, where the calcula-
tion of C,, and L,, can be challenging and are usually com-
plex functions of the resonators’ positions and orientations.

Starting from Maxwell’s equations, Energy Coupled
Mode Theory (ECMT), a coupled mode formalism in the
form of an eigenvalue problem, was derived. The eigenval-
ues and eigenvectors determine the coupled eigenmodes,
which were proven to obey the resonance condition.”* The
method can be considered as the electromagnetic analog of
Molecular Orbital Theory.? It was used to study an EPR
probe which consists of a cavity with a dielectric insert.” In
this interesting case, k of the dielectric TEy;5 and cavity
TEy;; modes was found to be relatively large (=0.4).
Moreover, expressions for fields-dependent parameters, such
as the quality factor, filling factor, and probe efficiency, were
obtained.** The interaction between the dielectric and cavity
modes was later applied to design efficient EPR probes
working at low temperatures (6 K).%°

In the current article, ECMT is used to find general
expressions for x which reduce to (4) and (6) when applied
to conducting and dielectric resonators, respectively.
Moreover, the physical origin of x follows naturally from the
derived expressions.

This article is organized as follows: In Section II, the
Poynting theorem is used to obtain useful relations which
will be used in subsequent sections. The physical meaning of
relevant terms is highlighted. Sections III, IV and V repre-
sents the basic foundations, where expressions of Kk are
derived. In Section IV, the physical origin of x is discussed.
Section V applies the derived expressions to different cases
and scenarios. Finally, the conclusions follow in Section VI.

Il. THEORETICAL BACKGROUND

In the current article, the inner product of two vector
fields is formulated using Dirac bra-ket notation. For exam-
ple, the inner product of A and B is denoted by (A|B) and is
defined by

(A|B) = J A" -Bdv,
v
where V is the total volume and K~ is the complex conjugate
of K. Clearly (A|B)" = (BJA).
The dielectric constant of resonator u is a function of the
spatial coordinates and is denoted by ¢,. For two coupled
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resonators 1 and 2, the coupled dielectric constant is denoted
by € and is equal to max (e, €5).

A. Energy interaction terms

Since coupling primarily depends on reactive compo-
nents (for example, in lumped circuit models it depends on
C,, and L,,), only the reactive fields are considered. As previ-
ously mentioned, the concept of coupling revolves around
the “energy” keyword. Thus, it is convenient to start from
the conservation of energy. Because ECMT is formulated in
the f;equency domain, the complex Poynting theorem is
used, 7

5| Exwas—Sum = 20w - ). @)

Here (W) and (Wg) are the average magnetic and electric
stored energy, respectively. It is useful to re-write (7) in
terms of the maximum stored energy. Thus,

_ % (LVE W H*-dS+ <J|E>> — j(max(Wy) — max(Wp)),
®)

where T =2mn/w is the oscillation period. The energy term
max(Wg) takes into account the energy stored in the dipole
moments (i.e., (8) is in the macroscopic form).?® The contri-
bution of the materials, represented by the electric dipole
P = ¢y(¢, — 1)E, can be separated from max(Wp), thus lead-
ing to the microscopic form of the Poynting theorem

_% (LVE x H* -dS + <JE>> +§<PIE>

— j{max(Wyr) — max(W2)), ©

where max(Wy) =1 (eE|E) is the electric energy stored in
free space. (—T/4n) [, E x H" - dS is the maximum energy
entering the volume V (it can also be regarded as the energy
due to the equivalent current sheet /i x H), —(T/4n)(J|E) is
the maximum energy that the current J exerts on the system,
and —(P|E) is the maximum potential energy (PE) stored in
the moment P.

As will be seen later in Section III, the x expressions are
strongly related to the microscopic form (9). To better under-
stand (9), correspondence relations with a frictionless mass-
spring system driven by a sinusoidal force, Fp = Fy sin wt,
have been made. A full and detailed discussion, relevant to
the present analysis, of the frictionless mass-spring system is
given in the Appendix. Equations (8) and (9) are similar to
the work energy relationship (A4). The magnetic energy W,
corresponds to the PE, Wg corresponds to the kinetic energy
(KE), and the reactive energy —(T/4n)(],,E x H* - dS +
(JIE)) is equivalent to the reactive work exerted by or on the
source (f;(::o) YF pdx). Noting that there is a 90° phase shift
between Wy, and Wg, (9) can be explained as follows: The
energy oscillates between the magnetic and electric fields.
After quarter of a cycle, the maximum magnetic energy
max(W,,) is converted into three main components. The first
is the electric energy stored in V, max(W%). The second
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component is the energy returned to the equivalent sources
—(T/An)([,,E x H" - dS + (J|E)). The third is the electric
energy stored in the dielectric material 1/2({P|E)). Fig. 1
depicts a hypothetical system which has a dielectric material
(P) and a current element (J). As mentioned above, the
energy crossing the boundary 0V, can be considered as the
interaction of the electric field E and an equivalent current
sheet 7 x H. This energy component can be set to zero if the
volume is large. In another words, the total reactive field is
enclosed in V.

B. Energy cross terms

According to ECMT, the electric and magnetic fields of
the coupled system are the superposition of the uncoupled
fields, i.e.,

N
E = Za”E“ (10)
u=1
and
N
H= Z b.H,. (a1
u=1

Using (10) and (11), the energy terms in (9) can be written
as

J E x H* -dS = d M'b*, (12)
av

(JIE) = b"N"a, (13)
and

(P|E) = a*Pa. (14)

Here My, = [, E, x H,-dS, Ny = (E,|J,) (Ref. 24)
and P,, = (P,|E,). For non-magnetic media, if G,
= (uyH,|H,) and D,, = (¢,E,|E,), it was shown that**

Muv +Nuv :jw()(guv - DZM) (15)
Energy crossing the boundary

Boundary surface
& -~
J

P
Conductor -
Dielectric

-

FIG. 1. A system which contains dielectric and conducting components. The
energy is stored in various components as well as crossing the boundary
surface.
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Expanding the stored energy terms W, and W in terms of
the uncoupled fields given by (10) and (11) and using (15), it
can be shown that

T " 1
g M+ N7) + 5P = |max(Wy),,, — max (W), .
(16)

where  max(Wy),, =1 (uoHy|H;) and  max(Wg),, =
(eoE,|E,) are the (u, v) free space magnetic and electri
coupled energy components, respectively.

1
2
c

lll. ANALYSIS

In this section and based on ECMT, general expressions
for the coupling coefficient of two tuned coupled resonators
are derived. For the coupled system, the eigenvalue problem
of two tuned (degenerate) resonators can be written as>*

R A'DIG ! Da = a, 17
where A, = (¢E,|E,) = 2max(Wg),, and oy is the
uncoupled angular frequency. Usually for weakly

coupled resonators, Aj1Axn > ApnAa, Gi1Gan > G12Ga1,
and A,, =~ D,, =~ G,,. These approximations simplify the
eigenvalue equation (17) to

) ,D12—=G1+D5 —Ap
Wy Wy A
11 2
. a=w’a
» Do =G +Dj,— Ay )
) Wy
A

(18)

The coupling coefficient x is the negative of the off di-
agonal term divided by the on diagonal one. In lumped cir-

cuits this is equal to C,,/+/C,C or L,,/+/L1L, (C; and L; are
the capacitance and inductance of the ith resonator, respec-
tively). In the case at hand « is equal to

Duv - guv + Diu - Auv
Auu '

19)

Ky = —

where Dy, +D;,— Aw = [, (s + € — €)E; - E,dv = [,
E} - E,dv and losses are ignored. Here ¢,,=¢,+¢, — € is
the background dielectric profile. Therefore, the coupling
coefficient of any two arbitrary tuned resonators is

§, (1o, - H, — ey EL - E,) dv
[ elEul* av

(20)

KML‘ =

Expression (20) looks similar to (4) and (5) derived for
conducting resonators. S However, (20) depends on the back-
ground permittivity which, as will be shown in Sections IV
and V, makes (20) general and valid for any type of resona-
tors. Moreover, the right hand side of (20) proves that for
normalized modes (the modes amplitudes are chosen such
that A, = Aw), K. and K, form a conjugate pair, i.e.,

(21)

*
Kup = K-
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IV. PHYSICAL ORIGIN OF THE COUPLING
COEFFICIENT

Although (20) is general and can be used to calculate x
for arbitrary resonators, it does not explicitly show the
energy interaction terms as described by (9) and (16). To
express k in terms of energy components, (15) is used. Thus
for normalized modes, (19) is re-written as

- Pus/2 +jT/4TE(MW +NW) . 22)
max(Wg),,

Equation (22) reveals the physical origin of «,,. The cou-
pling coefficient «,, is then equal to the maximum work that
the elements (P,, i1 X H,|,, andJ,) of resonator u exerts on
resonator v. This is valid regardless of the type of resonators
(dielectric, conducting or both).

It is worthy of notice that (20) and (22) are valid for
wide ranges of frequencies. The eigenvalue problem (17)
was obtained for arbitrary resonators with an arbitrary angu-
lar frequency w. It was shown that accurate values of the
coupled frequencies and fields can be obtained up to the sub-
millimeter regime when the quality factors are relatively low
due to radiation.** For higher frequencies, particularly when
the resonant frequencies are close to the plasma frequency,
at which e and hence A are strong functions of , the solu-
tion of (17) will be more involved.

V. RESULTS AND DISCUSSION

In the following, the equivalent general expressions
(19), (20), and (22) will be applied to different systems. The
results will be compared with Finite element simulations and
other results found in the literature. Without loss of general-
ity, the volume V is taken to be large enough such that
M, = 0. In this case (22) can be written as

oo — Puv/2 +J.T/47IN;4
uv — Auu/2 .

(23)

A. Coupling between conducting resonators

Conducting resonators appear in various systems and
devices. For example split-ring resonators are the building
blocks of metamaterials.”® They are also used in filters."
Loop-gaps are used to enhance the signal of EPR probes.*®
The common theme here is that P,,=0. In such cases
€pg = €0 and from (20)

(o Ho — eoE, - Eu) do
| E; - E,dv ’

*
Ky = Ky, =

(24)

which is equivalent to the formula derived using Coupled
Mode Theory'>*° and Lagrange’s equation of motion.”> The
difference between the two terms in the numerator of (24)
was previously attributed to the counter effect of the mag-
netic and electric dipole moments.”>'** As was previously
shown?* and according to (23), the coupling is the result of
the interaction of the fields of resonator # with the current of
resonator v. Equation (24) was previously verified for
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Coupling Coefficient

Separation distance, d (mm)

FIG. 2. The coupling coefficient calculated for two coupled loop gap resona-
tors. The uncoupled frequency of each resonators is 9.79 GHz. The outer di-
ameter D = 5mm, inner diameter ¢ =4 mm, height # = 1 mm, and gap
thickness # = 0.8 mm.

different structures.'>?? To reinforce the validity of (24), k
of the two tuned loop-gap resonators, shown in the inset of
Fig. 2, is calculated for different separation distances d. The
results are then compared with the formula found in Ref. 19
(k =Ky + Kg) and to the frequency splitting formula

2 2
0 -
Ko = — - (25)
Wi+ oi,

The symmetric and anti-symmetric angular frequencies (o |
and w, ) are calculated using the HFSS® Eigenmode solver
(Ansys Corporation, Pittsburgh, PA, USA). Using the solver,
the resonant frequency and fields of the single, uncoupled
loop gap were computed and exported into a MATLAB®
code which calculates the overlap integrals in (24). Fig. 2
verifies that « is the difference between k;, and ky. Because
the electric field is concentrated in the gaps, kg is always
smaller than «,,. When d increases, both terms monotonically
decrease and approaches zero. However, for a finite distance
d, the condition: k,; = K will never be satisfied.

To achieve the condition x,; =K, the eigenmodes of
two tuned coplanar double split ring resonators, shown in
Fig. 3, are computed. This arrangement makes it possible to
scan for the angle ¢ at which x =0.

When ¢ = 0° or ¢ = 90°, the coupling is strong. Figs. 4
and 5 show the coupled surface current density for both cases.

FIG. 3. Two tuned coupled double split ring resonators. d = 0.2mm, ¢ =
0.8mm, r = 1.5mm, w = 0.3 mm, ¢ = 50 um, and the resonant frequency f,
~ 4.8 GHz.
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Surface Current Density

FIG. 4. The surface current density of the (top) symmetric mode and (bot-
tom) anti-symmetric mode of two tuned coupled split ring resonators for an
angle ¢ = 0°.

The linearity of Maxwell’s equations makes it possible to
scale the fields of the eigenmodes by multiplying them by an
arbitrary complex number. Hence the values in Figs. 4 and 5
are expressed in arbitrary units. It is worth mentioning that the
difference in the current direction in Figs. 4 and 5 (180° phase
shift) is due to the complex number multiplication and has no
effect on the analysis, since the ratio of the amplitudes and
difference in phases between any two given points are always
preserved. For the ¢ = 0° situation (Fig. 4), the coupling is
predominately electric due to the overlap of E; and E,. On
the contrary, it is predominately magnetic when ¢ = 90°

0.5

Surface Current Density

0.0

FIG. 5. The surface current density of the (top) symmetric mode and (bot-
tom) anti-symmetric mode of two tuned coupled split ring resonators for an
angle ¢ = 90°.

J. Appl. Phys. 118, 194901 (2015)

Surface Current Density

Surface Current Density

FIG. 6. The surface current density (top) of the symmetric (bottom) and the
anti-symmetric modes due to the coupling of two tuned coupled double split
ring resonators when ¢ = 15°.

(Fig. 5). The symmetric mode corresponds to the situation
where the two modes are in phase.2 Thus, the currents on all
rings circulate in the same direction, as the arrows in Figs. 4
and 5 show. This has the effect of an enhanced magnetic
dipole (top plots in Figs. 4 and 5). Accordingly, the mode can
be coupled to an external electromagnetic wave via the mag-
netic field component orthogonal to the rings plane. On the
contrary for the antisymmetric mode, the currents on the rings
circulate in opposite directions (bottom plots in Figs. 4 and 5)
and thus the mode has a zero net magnetic dipole and can cou-
ple to the external electromagnetic wave via the net electric
dipole moment in the gaps. Therefore, it can be deduced that
the symmetric (antisymmetric) mode corresponds to a mag-
netic (electric) type resonance.**** Unlike the situation
depicted in Fig. 2 at some rotation angle ¢,, x vanishes.
Using the finite element simulation, we found that ¢, = 15°.
At this angle, the symmetric and anti-symmetric modes
decouple as Fig. 6 presents.

The physical origin of why the decoupling between the
two resonators occurs can be revealed by referring to (23).
Noting that P,, = 0, k can be written as

_.T/An(J.|E,)

The decoupling occurs when x = 0 or, equivalently, the elec-
tric field of resonator u is orthogonal to the surface current of
resonator u ({(J,|E,) = 0). In another words, there is no inter-
action between the two resonators. This is true even though
Kg and Kpm # 0.

B. Coupling between two dielectric resonators

In this subsection, an expression for xk due to the cou-
pling of two dielectric resonators is derived and then used to
calculate the coupled frequencies (w,, and w, ). For
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purely dielectric resonators, J=0. Therefore according to
(23), x,, can be expressed as

Puw _ Jyoleu(r) — DE; - E,dv
-Auu JlV6|Eu|2dU

Ky =

27)

Equation (27) agrees with the findings of Refs. 15 and 35. As
a further verification of (27) and the coupled mode equation
(17), the symmetric and anti-symmetric frequencies due to
the coupling of the dielectric resonators TE(;; modes are
calculated and compared to High Frequency Structural
Simulator (HFSS) simulations as shown in Fig. 7.

The agreement between the frequencies calculated using
ECMT and finite element simulations verifies the validity of
(17) and (27). For the configuration depicted in Fig. 7, x
does not vanish for any finite distance d. However, if the
coupling is between the TE,, s mode of one dielectric resona-
tor and the higher order mode of the other resonator, (E,|E,)
may vanish.

C. Coupling between a dielectric and a conducting
resonators

As a final example, an expression for x due to the cou-
pling between a dielectric resonator and a cavity is obtained.
Hereafter, the dielectric resonator is labelled as Resonator 1
and the cavity as Resonator 2. Applying (23) and noting that
P21 = 0and N5 = 0, one can find that

_ P
K12—A11 (28)
and
J (J2|E1)
== 7, 2
K21 wo A (29)

Although (28) and (29) look different, basically they
have the same magnitude (refer to Eq. (21)). This means that
the interaction energy between the dielectric dipole vector
eo(e, — 1)E| and the cavity electric field E, is the same as

f(GHz)
1,

10.5.

10

Anti-symmetric mode (ECMT)

9.5
9. Symmetric mode (ECMT)
T~ Symmetric mode (HFSS)
8.5 1 2 3 1 5 6 > d (mm)

FIG. 7. The frequencies of the symmetric and anti-symmetric modes due to
the coupling between two dielectric resonators. €, = 29.2, h = 2.65 mm, and
D = 6 mm. The resonant frequency of the single dielectric resonator is f, ~
9.7 GHz.

J. Appl. Phys. 118, 194901 (2015)

the energy due to the coupling of E; and the surface current
on the cavity walls. Figs. 8 and 9 depict the relevant fields
when the interaction is between the dielectric’s TEy;s and
the cavity’s TEy;; modes. Due to the reciprocity relation
(21), any of the two formulas (28) or (29) can be used to
determine the coupled modes. However, it might be more
convenient to use one formula than the other. For instance,
the electric field E, of the TE(;s can be estimated using the
Cohn Model.>*® The main assumption of the Cohn model is
that the dielectric resonator is held inside a magnetic wall
waveguide and thus ignores the diffraction of the fields as
they extend outside the dielectric material. Hence, the esti-
mated fields are not accurate outside the dielectric material.
Accordingly, it is more convenient to use (29) because the
calculated E| is already available.

Table I presents the calculated frequencies of the sym-
metric and anti-symmetric modes which result from the cou-
pling of a cylindrical cavity TEy;, and dielectric resonator
TE(,s modes. The calculation is carried out using two dielec-
tric resonators. The first is with a moderate ¢,, while the other
has a very high dielectric constant (¢, =261). From the table,
it is clear that treating the coupling as an interaction between

>
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FIG. 8. Top: The surface current J, of the cylindrical cavity’s TEq;
mode. Bottom: The electric field E; of the dielectric resonator’s TEgs
mode. Cavity Dimension: Height = Diameter = 4.1 cm, frzo;; = 9.7 GHz.
Dielectric Dimension: Height = 2.65mm, Diameter = 6mm. frgo1s =
9.7GHz. ¢, = 29.2.
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FIG. 9. Top: The electric field E, of the cylindrical cavity’s TEj;; mode.
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TABLE I. The frequency of the symmetric and anti-symmetric modes which
result from the coupling of the dielectric resonator TE(,;s and the cylindrical
cavity TEy;; modes. The dielectric diameter and height are denoted by D
and h, respectively. The dimensions of the dielectric resonator and the cavity
were chosen such that the TEy;; and TE(; s modes have the same frequency.

Frequency (GHz)

Symmetric Anti-symmetric
[ D (mm) h (mm)
ECMT HFSS ECMT HFSS
29.2 6 2.65 9.201 9.209 10.374 10.417
261 1.75 1.75 9.476 9.482 9.679 9.735

the polarization vector and the electric field enables us to
accurately calculate the frequency values.

VI. CONCLUSION

Using ECMT, general expressions of the coupling coef-
ficient x between tuned coupled resonators are derived.
When the complex Poynting theorem is used, the physical
origin of x becomes clear. It is shown that x,, = «, for arbi-
trary tuned coupled resonators. Moreover, x depends on the
interaction of one resonator with the other’s equivalent sour-
ces (P, Jand 71 x H|,,). The general expressions of x reduce
to well-known formulas which were derived for certain types

J. Appl. Phys. 118, 194901 (2015)

of resonators. k and/or the coupled frequencies were calcu-
lated for different configurations used in magnetic resonance
spectroscopy and metamaterials (loop-gaps, bridged loop-
gaps, double split rings, dielectric resonators, and cavities
containing dielectric resonators). It was shown that when the
equivalent sources of one resonator are orthogonal to fields
of the other, the two resonators do not interact. This is true
even if the resonators are in a very close proximity to one
another. The expressions derived here are valid for different
resonators which can be arbitrarily oriented in space. Thus, it
can aid in the analysis of the of wireless power transfer sys-
tems, EPR probes, metamaterial media, and magneto-
inductive waves and devices.

It is essential to compare the current approach with other
approaches reported in the literature to illustrate the useful-
ness of the current methodology. Expressions (20) and (22)
were directly derived from (17) which in turn was obtained
from Maxwell’s equations under the assumption that the
modes are hybridized. As mentioned above, the coupling
coefficient ¥ = i, — K is reduced to the interaction energies
of the equivalent sources (P, Jand 7 x H|,,). Thus, there is
no need to determine the magnitude and polarity of the mu-
tual inductance and/or capacitance. The current approach
treats dielectric and conducting resonators on the same foot-
ing. The physical origin of the modes decoupling phenom-
enon (whenever «k,; = kg) follows directly from the proposed
physical explanation of k. Other approaches, whether based
on the solution of the Lagrangian equation of motion or
lumped circuit models, have been successfully applied to
particular configurations involving split ring resona-
tors. 12212337 The counter effect of Ky and K was attrib-
uted to the opposite contributions of the electric-electric and
magnetic-magnetic dipoles.'*** However, generalization to
cover situations where dielectric and dielectric/conducting
resonators is not straightforward.
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APPENDIX: FRICTIONLESS MASS-SPRING SYSTEM

The energy conversation of a frictionless, mass-spring
system driven by a sinusoidal force, Fp = F sin wt, shown
in Fig. 10, is studied in detail. For the mass-spring system
one can write the governing equation as

d2X 2 FD

Fy .
2 + wpx = P Esmwt, (A1)

where x is the elongation of the spring, m is the mass, Fj is
the amplitude of the driving force, and wy is the natural fre-

. . k . .
quency which is equal to \/;, where k is the spring constant.
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FIG. 10. Frictionless mass spring system driven by a sinusoidal force.

Taking x = 0 when ¢ = 0 as the reference point, the
forced response of (Al) is

Fy

m(a)g — wz) sin wt.

(1) = (A2)

The work-energy equation for the lossless mass-spring sys-
tem can be written as

2
J FDdX: (KE2 +PE2)—(KE1 +PE1). (A3)

(1)

The right hand side of (A3) is the difference in total energy
KE + PE between point (2) and point (1), while the left hand
side is the work done by the driving source. Taking point (2)
to be the point where PE = 0, (t =% ,% = 0), and point (1)
to be the point where KE = 0, (t = 0, x = 0), one can re-
write the work-energy equation (A3) as

(=T /4) 2
J Fpdx = max(PE) — max(KE) = ——0 .
2m(wf — w?)

(A4)

x(r=0)

The work term J:‘((::OT)/ Y Fpdx is reactive. This means

that the energy supplied by the source for quarter of a cycle
returns back to it in the next quarter cycle. Indeed this can be
understood by examining the instantaneous power

WM

—_— x([) = -
W (— F, sin wt KET te %g

| PEY

_ x=0, _x(,) g -
& Fsinar KE ze{o,_
|| PEY 4

—_— X(l) KE\L o3
':T‘/‘Fosina)t ret Sl 7

W 7 KET
—> F,sinwt PEL IE,T’T}

FIG. 11. The energy is bouncing between the mass and the source. When
the driving force is pointing in the same direction as the displacement then
work is supplied to the mass. This results in increase in its potential energy.
After quarter of a cycle, this work is returned back to the source.
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d F}
p(t) = * 0% sin 2wt.

N S A5
Pt am(w? — o) (A3

The instantaneous power is continuously changing from pos-
itive to negative. The sequence of events and how energy is
transferred between the driving source and the mass-spring
system is shown in Fig. 11. For the first quarter of a cycle, ¢
€ [0, T/4], the maximum kinetic energy together with the
work exerted by the source is converted to the maximum
potential energy at the end of the period. Then the potential
energy will release its energy in two forms: kinetic energy to
the mass and work back to the source. So, at t = 7/2 all the
work supplied by the source will return back to it. Then once
the mass passes the equilibrium point (x = 0), where its ki-
netic energy is maximum, the source will supply the mass
with energy so when the spring is fully stretched at t = 37/4,
the potential energy will return to its maximum value. This
process repeats indefinitely.

'S. M. Mattar and S. Y. Elnaggar, J. Magn. Res. 209, 174 (2011).

2S. Y. Elnaggar, R. Tervo, and S. M. Mattar, J. Magn. Res. 238, 1
(2014).

3S. Y. Elnaggar, R. Tervo, and S. M. Mattar, J. Magn. Res. 242, 57
(2014).

S. Y. Elnaggar, R. Tervo, and S. M. Mattar, J. Magn. Res. 245, 50
(2014).

°E. Shamonina, V. A. Kalinin, K. H. Ringhofer, and L. Solymar, J. Appl.
Phys. 92, 6252 (2002).

°R. R. A. Syms, E. Shamonina, and L. Solymar, Microwaves, IEE Proc.
Antennas Propag. 153, 111 (2006).

7A. Karalis, J. D. Joannopoulos, and M. Soljagi¢, Ann. Phys. 323, 34
(2008).

SA. Kurs, A. Karalis, R. Moffatt, J. D. Joannopoulos, P. Fisher, and M.
Soljaci¢, Science 317, 83 (2007).

°Y. Zhuo, L. Yang, Z. Chao, and Y. Qingxin, IEEE Tran. Magn. 50,
4004204 (2014).

10x. Yu, S. Sandhu, S. Beiker, R. Sassoon, and S. Fan, Appl. Phys. Lett. 99,
214102 (2011).

'S, Kim, J. S. Ho, L. Y. Chen, and A. S. Y. Poon, Appl. Phys. Lett. 101,
073701 (2012).

2N, Liu, H. Liu, S. Zhu, and H. Giessen, Nat. Photonics 3, 157 (2009).

V. V. Tyurnev, Prog. Electromagn. Res. B 21, 47 (2010).

'*V. V. Tyurnev, J. Commun. Technol. Electron. 47, 1 (2002).

5], Awai and Y. Zhang, Electron. Commun. Jpn. Part 2, Electron. 90, 11
(2007).

'6H. Jia-Sheng and M. J. Lancaster, IEEE Trans. Microwave Theory Tech.
44,2099 (1996).

T, Kawaguchi and Y. Kobayashi, in 34th European Microwave
Conference (2004), Vol. 2, pp. 629-632.

181 S. Hong, IEE Proc. Microwaves, Antennas Propag. 147, 354 (2000).

1], S. Hong, Microstrip Filters for RF/Microwave Applications, Wiley
Series in Microwave and Optical Engineering, 2nd ed. (Wiley, New York,
2011).

“°L. Awai, IECIE Trans. Electron. E88-C, 2295 (2005).

2D, AL Powell, M. Lapine, M. V. Gorkunov, I. V. Shadrivov, and Y. S.
Kivshar, Phys. Rev. B 82, 155128 (2010).

22D. A. Powell, K. Hannam, I. V. Shadrivov, and Y. S. Kivshar, Phys.
Rev. B 83, 235420 (2011).

#H. Liu, D. A. Genov, D. M. Wu, Y. M. Liu, Z. W. Liu, C. Sun, S. N. Zhu,
and X. Zhang, Phys. Rev. B 76, 073101 (2007).

24S. Elnaggar, R. Tervo, and S. Mattar, IEEE Trans. Microwave Theory
Tech. 63, 2115 (2015).

#R. J. Silbey and R. A. Alberty, Physical Chemistry, 3rd ed. (Wiley,
2000).

263, Friedlander, O. Ovchar, H. Voigt, R. Bottcher, A. Belous, and A. Poppl,
Appl. Magn. Res. 46(1), 33 (2014).

2’D. M. Pozar, Microwave Engineering, 4th ed. (Wiley, 2011).


http://dx.doi.org/10.1016/j.jmr.2011.01.004
http://dx.doi.org/10.1016/j.jmr.2013.10.016
http://dx.doi.org/10.1016/j.jmr.2014.01.018
http://dx.doi.org/10.1016/j.jmr.2014.05.011
http://dx.doi.org/10.1063/1.1510945
http://dx.doi.org/10.1063/1.1510945
http://dx.doi.org/10.1049/ip-map:20050119
http://dx.doi.org/10.1049/ip-map:20050119
http://dx.doi.org/10.1016/j.aop.2007.04.017
http://dx.doi.org/10.1126/science.1143254
http://dx.doi.org/10.1109/TMAG.2013.2291861
http://dx.doi.org/10.1063/1.3663576
http://dx.doi.org/10.1063/1.4745600
http://dx.doi.org/10.1038/nphoton.2009.4
http://dx.doi.org/10.1002/ecjb.20342
http://dx.doi.org/10.1109/22.543968
http://dx.doi.org/10.1049/ip-map:20000675
http://dx.doi.org/10.1093/ietele/e88-c.12.2295
http://dx.doi.org/10.1103/PhysRevB.82.155128
http://dx.doi.org/10.1103/PhysRevB.83.235420
http://dx.doi.org/10.1103/PhysRevB.83.235420
http://dx.doi.org/10.1103/PhysRevB.76.073101
http://dx.doi.org/10.1109/TMTT.2015.2434377
http://dx.doi.org/10.1109/TMTT.2015.2434377
http://dx.doi.org/10.1007/s00723-014-0611-x

194901-9 Elnaggar, Tervo, and Mattar

281, D. Jackson, Classical Electrodynamics (John and Wiley Sons, 1962).

295 B. Pendry, A. J. Holden, D. J. Robbins, and W. J. Stewart, IEEE Trans.

Microwave Theory Tech. 47, 2075 (1999).
305, s, Hyde, W. Froncisz, and T. Oles, J. Magn. Res. 82, 223 (1989).
*IN. Liu and H. Giessen, Angew. Chem. Int. Ed. 49, 9838 (2010).

21 Sersic, M. Frimmer, E. Verhagen, and A. F. Koenderink, Phys. Rev.

Lett. 103, 213902 (2009).

J. Appl. Phys. 118, 194901 (2015)

1. K. Kim and V. V. Varadan, J. Appl. Phys. 106, 074504 (2009).

L. Solymar and E. Shamonina, Waves in Metamaterials (Oxford
University Press, 2009).

*>H. Haus and W. P. Huang, Proc. IEEE 79, 1505 (1991).

365, B. Cohn, IEEE Trans. Microwave Theory Tech. 16, 218 (1968).

Y. Liu, D. A. Genov, D. M. Wu, Y. M. Liu, J. M. Steele, C. Sun, S. N.
Zhu, and X. Zhang, Phys. Rev. Lett. 97, 243902 (2006).


http://dx.doi.org/10.1109/22.798002
http://dx.doi.org/10.1109/22.798002
http://dx.doi.org/10.1016/0022-2364(89)90026-7
http://dx.doi.org/10.1002/anie.200906211
http://dx.doi.org/10.1103/PhysRevLett.103.213902
http://dx.doi.org/10.1103/PhysRevLett.103.213902
http://dx.doi.org/10.1063/1.3236513
http://dx.doi.org/10.1109/5.104225
http://dx.doi.org/10.1109/TMTT.1968.1126654
http://dx.doi.org/10.1103/PhysRevLett.97.243902

